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problems. This led to attempts to extract the common properties of these
problems and study those properties in isolation.

This was especially true for problems that involve symmetry, whether in
geometry, theory of equations, or combinatorics. Problems that involved
symmetry led to the concept of groups.

The symmetries in geometry are the kinds you learn about in grade school.
If a figure has left-right symmetry, that means you can flip the figure over
left-to-right without changing the figure.

There are is also rotation symmetry, meaning you can rotate the figure
around a center point some number of degrees without changing the
figure. The group involved here is not the figure, but rather the collection
of motions that do not change the figure.
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One property that motions of a symmetric figure have is that they can be
combined. Another key property is: a motion that doesn't change the
figure can be undone by another motion: If a figure is flipped over, you
can flip it back. If it is rotated, you can rotate it back.

While symmetry can be obvious in geometry, it is not so obvious in other
contexts. Nevertheless it often exists below the surface, and the concept
of a group can bring it to light.
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example the operation could be addition, multiplication, or something like
"apply two motions in a row".

If I don't want to specify exactly what the operation is, | will use
multiplication-like notation. Here | will assume the operation is called ‘x’.
Then (G, ) is a group if

Cl For any a,bin G, axbisin G. (We say G is "closed under %".)

Gl Forany a,b,cin G, (axb)xc=ax*(bxc). (We say “x is associative")

G2 There exists an element e € G such that for every a in G,
exa=a=axe. (eis called the “identity” element. In examples, it
could be 0 or 1 or something else entirely.)

G3 For any a in G there is another element b such that axb=e=0bx*a

(b is called the “inverse” of a. In examples, b can be written —a or
-1
a ')
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where the operation is multiplication.

1. The closure property follows from the fact that if a,b are in u(R)
then (ab)~! =b~'a~! so ab is also a unit.

2. The associative property (ab)c = a(bc) a basic condition for rings.

3. The identity element is the unity u: a-u =a =u- a.

4. The inverse of a is a 1. It is also a unit.
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2. The associative property fo(goh) = (fog)oh comes from the fact
that when applied to some element = both ultimately equal

f(g(h(2))).
3. The identity element is the identity function: id(z) = x.

4. The inverse of f in .S, is the inverse function.
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regroup to (a~ta)b = (a~'a)c. This is eb = ec which says b = c.
Similarly, if ba = ca then b = c.

® The identity is unique: if ba = a write this as ba = ea and then
cancellation gives b = e.

® The inverse is unique: if b and c are inverses of a, so that
ab = e = ac, use cancellation to get b = c.
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It is traditional to call the size of a group G its ‘order’. For example the
order of Z,, (a group with addition) is n.

The order of u(Z,) (the group of units of the ring Z,) is ¢(n) (because
that is the number of units in Z,,).

The order of S, is n!.

Going back to the idea of motions of a symmetric figure, the set of
motions of a square has order 8: 4 lines of symmetry (vertical, horizontal
and 2 diagonals) give 4 ‘flipping over’ motions. There are four rotations
(by 0°, 90°, 180° and 270°). We'll have more to say about these kinds of
groups later in the chapter.
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A ring with addition is Abelian: a + b = b+ a is one of the requirements
for rings.

The group of units of a ring may not be Abelian, but if R is a
commutative ring then it is. In particular, u(Z,,) is Abelian.

Some other groups associated with integers:

® The group of units of the ring Z is {1, —1} with multiplication for the
operation.

® The additive group of Zy is {0, 1} with addition mod 2.

® The additive group of Z3 consists of strings of bits with length n.
The operation is bitwise addition mod 2 (i.e., the bitwise xor).
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really matter, so let's use A = {1,2,3,4}.

We need a notation that allows us to quickly define permutations. We use
one based on defining a function with a table of values. For example, the

table
z|1 2 3 4

fl)]2 3 1 4

defines a function f whose values are obtained by looking up x in the first
row and reading off the value f(z) below it. Notice that the second row is
a permutation of the first row. Every different permutation will produce a
different 1-to-1 function. This is in part why we simply call these functions
permutations.
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af3. This is interpreted as ‘first « then 8'. [In function notation this would

be B(a(x)) because we evaluate innermost parentheses first.]. We
abbreviate the table on the previous page as a = @ % ? i‘) which
defines a to be the same function as f.

If 5 = (ila i ?1’ 3) then aff = (le % g 3) The following diagrams can

help to see this.

We can visualize functions using arrows.
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Permutation notation

It is traditional to name permutations with Greek letters. It is also
traditional to write the composition of two permutation, say « and 3, by
af3. This is interpreted as ‘first « then 8'. [In function notation this would

be B(a(x)) because we evaluate innermost parentheses first.]. We
abbreviate the table on the previous page as a = @ % ? i‘) which
defines a to be the same function as f.

If 5 = (ila i ?1’ 3) then aff = (le % g 3) The following diagrams can

help to see this.

We can visualize functions using arrows. On the next slide we see arrows
used to represent o and (3, as well as a3
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Aids in composing permutation
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Aids in composing permutation
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To get the second figure from the first, connect the head of an a-arrow to
the tail of the S-arrow and straighten it out.
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Aids in visualizing permutations

We can imagine permutations as representing motions. If 1,2,3, and 4
label four points in a plane (or in space) we can imagine a permutation as
moving one point to another.
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to 3, and 3 to 1 while leaving 4 where it is.
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Aids in visualizing permutations

We can imagine permutations as representing motions. If 1,2,3, and 4
label four points in a plane (or in space) we can imagine a permutation as
moving one point to another. For example, a from before moves 1 to 2, 2
to 3, and 3 to 1 while leaving 4 where it is. We can represent this with
arrows connecting the points. This is done below for o and 3
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Aids in visualizing permutations

We can imagine permutations as representing motions. If 1,2,3, and 4
label four points in a plane (or in space) we can imagine a permutation as
moving one point to another. For example, a from before moves 1 to 2, 2
to 3, and 3 to 1 while leaving 4 where it is. We can represent this with
arrows connecting the points. This is done below for o and 3

l—2 1 2
OL\ 6
(O

This can be used to compute acr. Just follow two arrows.
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Aids in visualizing permutations

We can imagine permutations as representing motions. If 1,2,3, and 4
label four points in a plane (or in space) we can imagine a permutation as
moving one point to another. For example, a from before moves 1 to 2, 2
to 3, and 3 to 1 while leaving 4 where it is. We can represent this with
arrows connecting the points. This is done below for o and 3

l—2 1 2
) \ 5
(DN
This can be used to compute acr. Just follow two arrows. For example

starting from 1, the arrows go to 2 then 3, so we see that aa moves 1 to
3.

4 3
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Aids in visualizing permutations

We can imagine permutations as representing motions. If 1,2,3, and 4
label four points in a plane (or in space) we can imagine a permutation as
moving one point to another. For example, a from before moves 1 to 2, 2
to 3, and 3 to 1 while leaving 4 where it is. We can represent this with
arrows connecting the points. This is done below for o and 3

l—2 1 2
) \ 5
0N >
This can be used to compute acr. Just follow two arrows. For example
starting from 1, the arrows go to 2 then 3, so we see that aa moves 1 to
3. It is not so useful for computing 5. One can do that by drawing both

permutations in the same figure, with different colored arrows. See the
figure on the next page.
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Composing permutations as motions
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Composing permutations as motions

1 2

4 3

We can then follow the black arrow from 1 to 2 and then the red arrow
from 2 to 4 to see that a8 moves 1 to 4.
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Composing permutations as motions

1 2

4 3

We can then follow the black arrow from 1 to 2 and then the red arrow
from 2 to 4 to see that a8 moves 1 to 4. This gives

W
C»D

From this we can read off aff = (le )
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