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Right side | form of particular solution
5 A
(5)3" A3"
n—2 An+ B
2n3 + 3n An3 + Bn*+Cn+ D
3n2" (An + B)2™

(n® +2)5"

(An3 + Bn® + Cn + D)5"
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We covered this type of recurrence relation in the first section of the
chapter:

an—an_lan, n>1

a():l.
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We covered this type of recurrence relation in the first section of the
chapter:

an—an_lan, n>1
ag — 1.
| said | would accept, and expect, the solution

an =1+12 422+ ... +n2 However, a, =1+ (2n® + 3n? +n)/6 is a
more compact formula. How can we get this?
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Using the techniques for nonhomogeneous equations, here is how one
could obtain that result.
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an =1+12 422+ ... +n2 However, a, =1+ (2n® + 3n? +n)/6 is a
more compact formula. How can we get this?

Using the techniques for nonhomogeneous equations, here is how one
could obtain that result.

The homogeneous equation is a,, — a,—1 = 0, which has characteristic
equation 7 — 1 = 0 and the root r = 1 for a homogeneous solution

agbh) = Cl.
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We covered this type of recurrence relation in the first section of the
chapter:

an—an_lan, n>1

a():l.

| said | would accept, and expect, the solution

an =1+12 422+ ... +n2 However, a, =1+ (2n® + 3n? +n)/6 is a
more compact formula. How can we get this?

Using the techniques for nonhomogeneous equations, here is how one
could obtain that result.

The homogeneous equation is a,, — a,—1 = 0, which has characteristic
equation 7 — 1 = 0 and the root r = 1 for a homogeneous solution

agbh) = Cl.

The table leads us to try a particular solution of the form

a, = An®> + Bn + C.

3/1



But a,, = An® + Bn + C won't work because the last term is a solution of
the homogeneous recurrence relation.
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But a,, = An® + Bn + C won't work because the last term is a solution of
the homogeneous recurrence relation. We need a,, = An3 + Bn? + Cn.
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But a,, = An® + Bn + C won't work because the last term is a solution of
the homogeneous recurrence relation. We need a,, = An>® + Bn? + Cn.
Let's precompute a,_1:
a1 =An -1 +Bn—-12+C(n—1)
= [An® — 3An% + 3An — A] + [Bn? — 2Bn + B] + [Cn — C]
= And + (=344 Bn?>+ (BA—-2B+C)n+ (—A+B—-0C)
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But a,, = An® + Bn + C won't work because the last term is a solution of
the homogeneous recurrence relation. We need a,, = An>® + Bn? + Cn.
Let's precompute a,_1:

a1 =An -1 +Bn—-12+C(n—1)
= [An® — 3An% + 3An — A] + [Bn? — 2Bn + B] + [Cn — C]
= An® 4+ (-344+ B)n®+ (3BA—-2B+C)n+ (—A+ B - C)

Then the recurrence relation a,, — a,_1 = n? gives

3An* 4 (=344 2B)n+ A - B+ C =n?
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But a,, = An® + Bn + C won't work because the last term is a solution of
the homogeneous recurrence relation. We need a,, = An>® + Bn? + Cn.
Let's precompute a,_1:
a1 =An -1 +Bn—-12+C(n—1)
= [An® — 3An% + 3An — A] + [Bn? — 2Bn + B] + [Cn — C]
= And + (=344 Bn?>+ (BA—-2B+C)n+ (—A+B—-0C)

Then the recurrence relation a,, — a,_1 = n? gives

3An* 4 (=344 2B)n+ A - B+ C =n?

This leads to
3A = A=1/3
—-3A+2B =0 B=1/2
A— B+C=0 C=1/6
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But a,, = An® + Bn + C won't work because the last term is a solution of
the homogeneous recurrence relation. We need a,, = An>® + Bn? + Cn.
Let's precompute a,_1:
a1 =An -1 +Bn—-12+C(n—1)
= [An® — 3An% + 3An — A] + [Bn? — 2Bn + B] + [Cn — C]
= And + (=344 Bn?>+ (BA—-2B+C)n+ (—A+B—-0C)

Then the recurrence relation a,, — a,_1 = n? gives

3An* 4 (=344 2B)n+ A - B+ C =n?

This leads to
3A =1 A=1/3
—-3A+2B =0 B=1/2
A— B+C=0 C=1/6

So, alP) = (1/3)n3 + (1/2)n2 + (1/6)n
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Or simplified: al) = (2n3 + 3n2 4 n)/6. The general solution is
an = C1 + (2n® + 3n? + n) /6 and the initial condition gives us C; = 1.
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Or simplified: al) = (2n3 + 3n2 4 n)/6. The general solution is
an = C1 + (2n® + 3n? + n) /6 and the initial condition gives us C; = 1.

One might believe that the solution a,, = 1 + (2n3 + 3n? 4+ n)/6 is better
thana, =1+ 124+22+---+n? but ...
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Or simplified: al) = (2n3 + 3n2 4 n)/6. The general solution is

an = C1 + (2n® + 3n? + n) /6 and the initial condition gives us C; = 1.
One might believe that the solution a,, = 1 + (2n3 + 3n? 4+ n)/6 is better
than a, = 14+ 12+ 22+ ...+ n?, but ...that actually depends on how we
intend to use the solution. It is certainly easier to obtain the second one.
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Generating functions

If a,, satisfies a recurrence relation, this says a lot about its generating
, o n
function "> ana”.
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Generating functions

If a,, satisfies a recurrence relation, this says a lot about its generating
function >">° j ana™. In fact, we can use the recurrence relation to find
the generating function. In some cases, we can solve the recurrence

relation that way.
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Generating functions

If a,, satisfies a recurrence relation, this says a lot about its generating
function ZZO:O anx™. In fact, we can use the recurrence relation to find
the generating function. In some cases, we can solve the recurrence
relation that way. Let's start small, with a first order example:

anp —ap—1=2(n+1), n>1

CL():l
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Generating functions

If a,, satisfies a recurrence relation, this says a lot about its generating
function ZZO:O anx™. In fact, we can use the recurrence relation to find
the generating function. In some cases, we can solve the recurrence
relation that way. Let's start small, with a first order example:

anp —ap—1=2(n+1), n>1
CL():l

Start by multiplying the equation by z™:

anz" — ap_12" =2(n+1)z", n>1.
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Generating functions

If a,, satisfies a recurrence relation, this says a lot about its generating
function ZZO:O anx™. In fact, we can use the recurrence relation to find
the generating function. In some cases, we can solve the recurrence
relation that way. Let's start small, with a first order example:

anp —ap—1=2(n+1), n>1

apg = 1
Start by multiplying the equation by z™:
anz" — ap_12" =2(n+1)z", n>1.

and then adding all the equations together, starting with n = 1:

(12 + agx® + aza® + -+ ) — (apx + a12® +agx® + ) =

21+ 1)z' +2(2+ Da? +2(3 + Da + - -
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Or, more concisely

o o0 oo
Zanm" — Z ap—12" =2 Z(n + 1)z".
n=1 n=1 n=1
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Or, more concisely

o0 oo o0
Z apz’ — Z ap—12" =2 Z(n + 1)z, (*)
n=1 n=1 n=1

If F(z) =3 0"y anz™ =ao+ a1z + asx® 4+ azx 4 - - - is the generating
function, then The first sum in (x) is F'(z) — a9 = F(z) — 1.
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Or, more concisely

o0 oo o0
Z apz’ — Z ap—12" =2 Z(n + 1)z, (*)
n=1 n=1 n=1

If F(z) =3 0"y anz™ =ao+ a1z + asx® 4+ azx 4 - - - is the generating
function, then The first sum in (x) is F'(x) — agp = F(x) — 1. The second
sum is zF'(z)

7/1



Or, more concisely

o0 oo o0
Z apz’ — Z ap—12" =2 Z(n + 1)z, (*)
n=1 n=1 n=1

If F(z) =3 0"y anz™ =ao+ a1z + asx® 4+ azx 4 - - - is the generating
function, then The first sum in (x) is F'(x) — agp = F(x) — 1. The second
sum is zF'(z) and the right-hand side is

1
2 3
) =92 —— 1.
227 + 322 + 42 + ) 2<(1_$)2 >
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With these substitutions
F(z)—1—2F(z) =

=
|

2

g

2
|

a2 °

2
G-ap

2 1
(1—2)3 1—a
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With these substitutions

Flz) —1—aF(z) = (1—295)2_2
(1—2)F(z) = (1_296)2 1
2 1

Flw) = (1—2)3 1—a

From the formulas in Chapter 9, we get

i8S ST )

n=0
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With these substitutions

Flz) —1—aF(z) = (1—295)2_2
(1—2)F(z) = (1_296)2 1
2 1

Flw) = (1—2)3 1—a

From the formulas in Chapter 9, we get
n—+ 2 > n-42
=2 - —1] 2"
=23 (") - =3 (1) -
From this

2
an:2<n:; )—1:(n+2)(n—|—1)—1:n2—|—3n+1
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With these substitutions

Flz) —1—aF(z) = (1—295)2_2
2
(1—x)F(x):m—l
2 1

Flw) = (1—2)3 1—a

From the formulas in Chapter 9, we get

o () S-S0 )

n=0

From this

2
an:2<n:; )—1:(n+2)(n—|—1)—1:n2—|—3n+1

A second order example
p —4an_1 +4a,_9=2" n>2

a():l, (11:3
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Multiply a,, — 4a,—1 + 4an,—2 = 2™ by 2™:

anT" — 4a,_ 17" + 4a,_ox™ = 2"z",

n > 2
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Multiply a,, — 4a,—1 + 4an,—2 = 2™ by 2™:
anT" — 4a,_ 17" + 4a,_ox™ = 2"z",

and add them all up

[oe)
Zanx 4Zan 1" —|—4Zan ox"
n=2
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Multiply a,, — 4a,—1 + 4an,—2 = 2™ by 2™:
anT" — da,_17" + 4a,_ox™ = 272", n > 2

and add them all up

o) o) o) o)
Z anx" —4 Z anflxn + 4 Z aanxn = 2(21,)717
n=2 n=2 n=2 n=2

If F(z) =372, apx™ is the generating function, Then the first sum is

oo
Zana:" =F(z) —ap— a1z
n=2
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Multiply a,, — 4a,—1 + 4an,—2 = 2™ by 2™:
anT" — da,_17" + 4a,_ox™ = 272", n > 2

and add them all up

o) o) o) e
Z anx" - 42 anflxn + 42&7,,,21'” = 2(21,)717
n=2 n=2 n=2 n=2

If F(z) =372, apx™ is the generating function, Then the first sum is
oo
Zana:" =F(z) —ap— a1z
n=2

the second is

oo o0
Y an 1z =2 ap 12" = w(aztagr’vaza®+- ) = z(F(x)—ag)
n=2 n=2
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the third is

o0 o0
E an_or" = 2* E an_ox" % = 2%(ag + ey + aga® + - --) = 2% F ()
n=2 n=2
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the third is
o0 o0
Z an_or" = 2* Z an_ox" % = 2%(ag + ey + aga® + - --) = 2% F ()
n=2 n=2

Thus the equation for F'(x) is

o0

[F(z) = ap — ara] — 4[x(F(z) = ao)] + 4[2*F ()] = ) _(22)"

n=2
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the third is
o0 o0
Z an_or" = 2* Z an_ox" % = 2%(ag + ey + aga® + - --) = 2% F ()
n=2 n=2

Thus the equation for F'(x) is

o0

[F(z) = ap — ara] — 4[x(F(z) = ao)] + 4[2*F ()] = ) _(22)"

n=2

The right side is

i@@n = (23:)2 + (2x)3 + (2;(;)4 4.
n=2

_ (22)?

C1-2
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the third is
o0 o0
Z an_or" = 2* Z an_ox" % = 2%(ag + ey + aga® + - --) = 2% F ()
n=2 n=2

Thus the equation for F'(x) is

[F(z) = ap — arz] — 4[x(F(z) — ao)] + 42 F(2)] = Y (22)"
n=2
The right side is
Soe)" = (20 + (20" + (20)" 4
n=2
_ (2x)?
C1-2x
Finally, with ag = 1 and a; = 3 we get
2 (2)?
F(z)—1—-3z —4z(F(x) — 1) + 42°F(x) = T oa
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472
1—dx +422)F(z) — 1 — 3z + 4o =
( x +427)F(x) Tt de =
472
1—dz +422)F(z) =1 —
( r + 42°)F(x) x+1_2m
1—z+422/(1 — 2z
Fz) = x—+4x°/( )
1 — 4z + 422
1 — 3z + 622
F(m)zﬁ

(1—-2z)3
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If the sequence a,, satisfies the following recurrence relation and initial
condition, find its generating function without solving the recurrence
relation.

ap —dap_1+6a,_9=5 n>2

apg =1, a; = 5.
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If the sequence a,, satisfies the following recurrence relation and initial
condition, find its generating function without solving the recurrence
relation.

ap —dap_1+6a,_9=5 n>2
apg =1, a; = 5.

Equation for the generating function:

F(x) —1— 5z —5x(F(x) — 1) + 62*F(2) =5 i "
n=2

2
F(z) —1— 5z — 5zF(z) + 5z + 62°F(z) = 15_%
2
(1 -5z +62%)F(z) =1+ 1513
1+522/(1 —2)
Fr) = 5
1—5x 4 6
1— 2
Flz) = T+ 5z

(1 —2)(1—2z)(1 —3x)
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If the sequence a,, satisfies the following recurrence relation and initial
condition, find its generating function without solving the recurrence
relation.

ap — 2ap-1 + Hap—o = (—1)", n>2

apg=1, a1 = 1.
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If the sequence a,, satisfies the following recurrence relation and initial

condition, find its generating function without solving the recurrence
relation.

ap — 2ap-1 + Hap—o = (—1)", n>2
apg=1, a1 = 1.

Equation for the generating function:

F(z)—1—2z—2z(F(z) — 1) +52%F(z) = 2(—@”.
F(x)—1—x—22F(z) + 22 + 52°F(z) = : ”fx
(1-2z452)F(x)=1—x+ 1+23;
Fla)= - _1;L’—+2Z2-‘v/-(;l‘—; s
Flz) = !

(14 2)(1 — 2z + 522)
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General solutions

Sometimes one would like a “general” generating function, where the
initial conditions are not yet specified.
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General solutions

Sometimes one would like a “general” generating function, where the
initial conditions are not yet specified. Take the previous example:

ap — 201 + Hap—o = (—1)", n>2
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General solutions

Sometimes one would like a “general” generating function, where the
initial conditions are not yet specified. Take the previous example:

ap — 201 + Hap—o = (—1)", n>2

Equation for the generating function:

o

F(x) — ag — a1z — 2x(F(z) — agp) + 52°F(z) = Z(—x)”
n=2

22

F(z) —ao + (2a0 — ay)z — 2zF (x) + 2z + 52° F(x) = T

x
2
(1 — 2z 4 522)F(x) = ag + (2a0 — a1)z + T2

ap + (2a0 — a1)r + 2%/(1 + )
1 — 2z + 522

F(x) =
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Third order equation:

ap — dap_1+20p_2+2a,-3=1, n>3
a():l, (11:1, az = 3.
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Third order equation:

ap — dap_1+20p_2+2a,-3=1, n>3
a():l, (11:1, az = 3.

The sum goes from n = 3 to oo, so we get for the generating function:
F(z) —1—2—32% —5z(F(z) — 1 —x) + 22%(F(x) — 1) + 223 F ()

oo
= g z".
n=3

3

F(x) — 144z — 52F (z) 4+ 20%F (x) + 223 F (z) = T
3
(1 — b2+ 22 +223)F(x) = 1 — 4a +

— T

1—dz+23/(1—x)

Fg) =
@) = T s v 22 + 208
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