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Introducing the main problem

How many solutions does the following equation have if all the variables
are required to be integers satisfying the stated conditions.

Yi+Y2tys+ys=n
0<wuy
5 < Y2
0<ys3<19
10 <ya <29
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How many solutions does the following equation have if all the variables
are required to be integers satisfying the stated conditions.

Y1+ Y2+ Yyst+tya=mn
0<wun
5 < Y2
0<y3s <19
10 < g4 <29
Obviously the number of solutions depends on what n is. If we call the

number of solutions ¢;,, then our first goal is to find the generating
function G(z) for the sequence c¢,,.
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Following our previous discussion, we need to find the generating function
for a;, which is the number of solutions of y; = 4. The condition y; > 0 is
no real condition, so a; =1 fori=0,1,2,....
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Introducing the main problem
How many solutions does the following equation have if all the variables
are required to be integers satisfying the stated conditions.
Y1+ Y2+ Yyst+tya=mn

0<wun

5 < Y2

0<y3s <19

10 < g4 <29
Obviously the number of solutions depends on what n is. If we call the

number of solutions ¢;,, then our first goal is to find the generating
function G(z) for the sequence c¢,,.

Following our previous discussion, we need to find the generating function
for a;, which is the number of solutions of y; = 4. The condition y; > 0 is
no real condition, so a; =1 for i = 0,1,2,.... We've seen that this leads

to the generating function 1 + z + 22 + 23 +--- = %

—x
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We turn to the next variable yo = j, yo > 5. Because of the condition,
this has no solutions for j < 5. That is, if b; is the number of solutions,
then by =0, by =0, bo =0, b3 =0 and by = 0.
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We turn to the next variable yo = j, yo > 5. Because of the condition,
this has no solutions for j < 5. That is, if b; is the number of solutions,
then by =0, by =0, by =0, b3 = 0 and by = 0. The sequence is
0,0,0,0,0,1,1,1,... and the generating function is

Pl = (At ) =

1—a

3/12



We turn to the next variable yo = j, yo > 5. Because of the condition,
this has no solutions for j < 5. That is, if b; is the number of solutions,
then by =0, by =0, by =0, b3 = 0 and by = 0. The sequence is
0,0,0,0,0,1,1,1,... and the generating function is

5

x
B+l +aT 4 =t +) = 1— o

For the third variable: y3 =k, 0 < y3 < 19. The number of solutions is 1
if £ <19 butis 0 if &> 20.
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For the third variable: y3 =k, 0 < y3 < 19. The number of solutions is 1
if K <19 butis 0 if K> 20. The sequence of numbers of solutions is

1,1,1,...,1,0,0,0,... where the zeros start in the position corresponding
to k = 20.
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We turn to the next variable yo = j, yo > 5. Because of the condition,
this has no solutions for j < 5. That is, if b; is the number of solutions,
then by =0, by =0, by =0, b3 = 0 and by = 0. The sequence is
0,0,0,0,0,1,1,1,... and the generating function is

o)

P+l 2T+ =1ttt ) = —
For the third variable: y3 =k, 0 < y3 < 19. The number of solutions is 1
if K <19 butis 0 if K> 20. The sequence of numbers of solutions is
1,1,1,...,1,0,0,0,... where the zeros start in the position corresponding
to k = 20. The generating functions is

20

1—
l+z+a2+- +2¥= ‘

11—z
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Finally, for the fourth variable, y4, = m, 10 < y4 < 29. The number of
solutions is 0 if m < 10 or m > 29 and 1 if 10 < m < 29.
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Finally, for the fourth variable, y4, = m, 10 < y4 < 29. The number of
solutions is 0 if m < 10 or m > 29 and 1 if 10 < m < 29. The generating
function is
m10+m11+x12+~-+x29:x10(1+x1+x2+-~-+x19)
_ xlol _ 20 _ mlo(l _ xzo)

l1—=z l1—=z
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Finally, for the fourth variable, y4, = m, 10 < y4 < 29. The number of
solutions is 0 if m < 10 or m > 29 and 1 if 10 < m < 29. The generating
function is
x10+m11—|—x12+~-+x29:x10(1+x1+x2+-~-+x19)
_ 1:101 _ 20 B mlo(l _ 9520)

1—x l1—=z

Multiplying the 4 generating functions together we get the grand
generating function:
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Finally, for the fourth variable, y4, = m, 10 < y4 < 29. The number of
solutions is 0 if m < 10 or m > 29 and 1 if 10 < m < 29. The generating
function is

x10+m11—|—x12+~-+x29:x10(1+x1+x2+-~-+x19)

_ xlol _ 220 B 210(1 — £20)

11—z 11—z
Multiplying the 4 generating functions together we get the grand
generating function:

! 25 1— 220 g10(1 — 220) B 215 _ 935 4 255
l-zl-2 1-x 11—z B (1—a)?

G(x)
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This gives us the generating function. In order to discover ¢,,, we need to
be able to find what number is multiplying " in the expanded version of

G(z).
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This gives us the generating function. In order to discover ¢,,, we need to
be able to find what number is multiplying " in the expanded version of
G(z). To get this, we rewrite G(z) as follows:

1
15 35 55
— (215 — 2% + %) Z <J + 3>$j
" J
Jj=0
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This gives us the generating function. In order to discover ¢,,, we need to
be able to find what number is multiplying " in the expanded version of
G(z). To get this, we rewrite G(z) as follows:

1
15 35 55
— (215 — 2% + %) Z <J + 3>$j
" J
Jj=0

then we multiply out

Gla) = (:U15—2x35+x55)[(3)—1—<i>x+'--+<kzg>xk+~l
L T
+[2() @x%_..._2<k23>xk+ss+.._}

[() <>x56+...+<k—£3>xk+55+...]

5/12



Now z" occurs at most once in each set of brackets. It occurs where
k =mn — 15 in the first, where kK = n — 35 in the second and where
k =n — 55 in the third. Adding these three terms together we get:
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Now z" occurs at most once in each set of brackets. It occurs where
k =mn — 15 in the first, where kK = n — 35 in the second and where
k =n — 55 in the third. Adding these three terms together we get:

—15+3 —35+3 —-55+3
cpx = " i an— 2" M a4 (" N x"
n — 15 n—35 n — 55

6/12



Now z" occurs at most once in each set of brackets. It occurs where
k =mn — 15 in the first, where kK = n — 35 in the second and where
k =n — 55 in the third. Adding these three terms together we get:

—15+3 - 3543 —55+3
cpr” = " + 2 —o" + "+ " + "
n—15 n — 35 n — 55
from which

B n—15+3 9 n—35+3 + n—5+3
“=\ n-15 n—35 n—55
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Now z" occurs at most once in each set of brackets. It occurs where
k =mn — 15 in the first, where kK = n — 35 in the second and where
k =n — 55 in the third. Adding these three terms together we get:

—15+3 —35+4+3 —55+3
ez = " + o —o" + " + " N "
n—15 n — 35 n — 55
from which
n—15+3 9 n—35+3 + n—5 +3
Cp = —
" n—15 n—35 n — 55
If 35 < n < 55 then the last set of brackets has no z" in it. So

n—154+3 n—35+3
Cp = -2
n—15 n—35
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Now z" occurs at most once in each set of brackets. It occurs where
k =mn — 15 in the first, where kK = n — 35 in the second and where
k =n — 55 in the third. Adding these three terms together we get:

—15+3 —35+4+3 —55+3
cpr” = " + 2 —o" + "+ " + "
n—15 n — 35 n — 55
from which
_(n—15+3 9 n—35+3 + n—5 +3
=\ no15 n—35 n— 55
If 35 < n < 55 then the last set of brackets has no z" in it. So
n—154+3 n—35+3
Cn = -2
n—15 n—35
If 15 < n < 35 then
n—15+3
Cp =
n—15

and finally, if n < 15 then ¢, = 0.
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A worked-out example

(a) Given the previous equations and conditions, find the generating
function for the number of solutions in a form where the denominator
is a power of (1 —x) and the numerator is a short sum of powers of x.

(b) Use your generating function to find the number of solutions when
n = 105.
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(a) Given the previous equations and conditions, find the generating
function for the number of solutions in a form where the denominator
is a power of (1 —x) and the numerator is a short sum of powers of x.
(b) Use your generating function to find the number of solutions when
n = 105.

A minimal, but complete answer is:
1 25 1220 210(1 — 220) 15— 9y35 4 455

G(x)zl—xl—x 1—x -2z (1—x2)4
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Similarly, a minimal answer to (b) might be:
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A worked-out example

(a) Given the previous equations and conditions, find the generating
function for the number of solutions in a form where the denominator
is a power of (1 —x) and the numerator is a short sum of powers of x.
(b) Use your generating function to find the number of solutions when
n = 105.

A minimal, but complete answer is:

1 P 12 01— g20) 15— 235 4 g5
l—-zl-2 1—=x 1—x (1—x)?

Similarly, a minimal answer to (b) might be:

G(z) = (215 — 22% 4+ 25°) 32 (717)ad.

J= J

G(x)
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A worked-out example

(a) Given the previous equations and conditions, find the generating
function for the number of solutions in a form where the denominator
is a power of (1 —x) and the numerator is a short sum of powers of x.
(b) Use your generating function to find the number of solutions when
n = 105.

A minimal, but complete answer is:
1 25 1220 210(1 — 220) 15— 9y35 4 455

G(x)zl—xl—x 1—x -2z (1—x2)4

Similarly, a minimal answer to (b) might be:

G(z) = (215 — 22% 4 259) Z?io (JjS)xj. The 2'% term is

215 (9%—(&)—3) 290 _ 9435 (707-(")-3) 270 + 99 (505-(1)-3) 290
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A worked-out example

(a) Given the previous equations and conditions, find the generating
function for the number of solutions in a form where the denominator
is a power of (1 —x) and the numerator is a short sum of powers of x.

(b) Use your generating function to find the number of solutions when
n = 105.

A minimal, but complete answer is:

1 25 1 — 220 210(1 — z%) B 215 9435 4 55

l-zl-z 1-x -2 (1—x)?

G(x)

Similarly, a minimal answer to (b) might be:

G(z) = (215 — 22% 4 259) Z?io (JjS)xj. The 219 term is
z1o (9%33)3790 — 2230 (70;63)3770 + 25 (5%6“3)3350. And so the number of

solutions is (gg) — 2(%) + (gg)
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Another worked-out example

(You should be prepared to accept any letter as a variable name. The first
example in the textbook talks about ¢j + ¢o + ¢3 = 12.)
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satisfying the stated conditions.
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(a) Find the generating function for the number of solutions of the
following equation where the variables are required to be integers
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powers of x.

w1 + Wy +W3="n
15 < wy
Hh<wy <14
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Another worked-out example

(You should be prepared to accept any letter as a variable name. The first
example in the textbook talks about ¢j + ¢o + ¢3 = 12.)

(a) Find the generating function for the number of solutions of the
following equation where the variables are required to be integers
satisfying the stated conditions. Your answer should be a single fraction
whose denominator is a power of (1 — x) and whose numerator is a sum of
powers of x.
w1 + Wy +W3="n

15 S w1

5 S w9 S 14

0<ws <19

Answer: The generating function is
215 25(1 — z10) 1 — 420 220 _ 30 _ 440 4 50

G(x)zl—x 11—z -z (1—x)3
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(b) Use this generating function to find the number of solutions when
n = 88.
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(b) Use this generating function to find the number of solutions when
n = 88.

Answer: G(z) = (229 — 230 — 240 4 2°0) > s (ngrQ)‘Tj
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(b) Use this generating function to find the number of solutions when

n = 88.

Answer: G(:z:) = (2% — 2% — 210 4 259) 377 (j;fQ):zj We see that 28
shows up in

70 60 4
220 <68> 268 _ .30 (58) 258 _ 40 (Zg) 248 4 450 <32> 238
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(b) Use this generating function to find the number of solutions when

n = 88.

Answer: G(:z:) = (2% — 2% — 210 4 259) 377 (j;fQ):zj We see that 28
shows up in

70 60 4
220 <68> 268 _ .30 (58) 258 _ 40 (Zg) 248 4 450 <32> 238

. . (70 60 50 40
and so the number of solutions is — — +
68 58 48 38
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(b) Use this generating function to find the number of solutions when

n = 88.

Answer: G(:z:) = (2% — 2% — 210 4 259) 377 (j;fQ):zj We see that 28
shows up in

4
220 <gg> 268 _ 430 <§g> 158 — 40 (Zg) 148 4 250 <3(8)> 238

and so the number of solutions is 70 — 60 — o0 + 40
68 58 48 38

Two things to remember: If the condition is a < w; < b, the part of the
generating function coming from w; is

70 xb+1
$a+xa+1+_“+xb:

l-2 1—-z
b+1

l,a

—x
1—z
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(b) Use this generating function to find the number of solutions when

n = 88.

Answer: G(:z:) = (2% — 2% — 210 4 259) 377 (jJJTQ):zj We see that 28
shows up in

4
220 <gg> 268 _ 430 <§g> 158 — 40 (Zg) 148 4 250 <3(8)> 238

and so the number of solutions is 70 — 60 — o0 + 40
68 58 48 38

Two things to remember: If the condition is a < w; < b, the part of the
generating function coming from w; is

b+1
@ T
$a+xa+1+_“+xb: .
l1—z l1—=z
SL‘a*IL‘b—’_l
11—z

Note that the first expression is the sum of all powers corresponding to
allowed values of w;. In the numerator of the last expression is the first
term that appears there, minus the first missing term.
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Other kinds of conditions

Suppose the condition on a variable is “y; is even”. Then the number of
solutions of “y; =14, y1 even” is 1 if j is even and O if j is odd.
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Other kinds of conditions
Suppose the condition on a variable is “y; is even”. Then the number of
solutions of "“y; =14, y1 even” is 1 if j is even and 0 if j is odd. So this

sequence is 1,0,1,0,... and its generating function is
1

1+:L‘2+x4+x6+---:1+(x2)+(x2)2+(x2)3+~-:m.
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Other kinds of conditions

Suppose the condition on a variable is “y; is even”. Then the number of
solutions of "“y; =14, y1 even” is 1 if j is even and 0 if j is odd. So this

sequence is 1,0,1,0,... and its generating function is
1
1+:L‘2+x4+x6+---:1+(x2)+(x2)2+(x2)3+~-:172.
— X
(Replacing the x in 1+ 2+ 22 + 23 +--- = 1/(1 — z) with (2?).)
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Other kinds of conditions
Suppose the condition on a variable is “y; is even”. Then the number of
solutions of "“y; =14, y1 even” is 1 if j is even and 0 if j is odd. So this

sequence is 1,0,1,0,... and its generating function is
1

1—a22
(Replacing the x in 1+ 2+ 22 +23+--- = 1/(1 — 2) with (22).) Similarly,
the condition that g2 is a multiple of 3 has the generating function

1
1+ +a 422+ = ——.
1—2a3

T+a* 42t +a2%+ =14 (%) + (@) + (@°)° +--- =
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Still another worked-out example
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(a) Find the generating function for the number of solutions of the
following equation where the variables x; are required to be integers
satisfying the stated conditions.
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powers of x.
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11/12



Still another worked-out example

(a) Find the generating function for the number of solutions of the
following equation where the variables x; are required to be integers
satisfying the stated conditions. Your answer should be a single fraction
whose denominator is a power of (1 — x) and whose numerator is a sum of
powers of x.

T1+2T2+2T3+Tg+2Ts5="n
0<2;1 <14
14 <29 <28
6 < x3
0<2q
0< x5

Answer: For z; we get: 1+x 422+ - 42! =

14, .15 os _ wtt— 2%
Forazy: z%+a+---+2x =45
—x
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Forzg: ab+a2"+ 284 ... = .
1—=2x
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For x3: a0 +2" 4+ 284+ ... = _
1-2z

1
1—2

Forzsand zs: 1+ax+a+---=
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Forzs: 28 +2"+28+... = r
1—=2x
1
For x4 and x5: 1+x+x2+~-':1 .
—x
Multiply together:
1_$15 $14_$29 33'6 1 1 1,20_21,35_‘_1;50
1—x l—-z 1-zl1l—-21-2 (1 —x)5

(b) Use this generating function to find the number of solutions when
n = 90.
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(b) Use this generating function to find the number of solutions when
n = 90.

Answer: G(z) = (220 — 223 4 2°9) >0 (ijr4)‘Tj'
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Forzs: 28 +2"+28+... = r
1—=2x
1
For x4 and x5: 1+x+x2+~-':1 .
—x
Multiply together:
1_$15 $14_$29 33'6 1 1 1,20_23}35_‘_.%.50
1—x l—-z 1-zl1l—-21-2 (1 —x)5

(b) Use this generating function to find the number of solutions when
n = 90.

Answer: G(x) = (2% — 2% 4+ 279) 3777 (ijrA‘) z7. We see that 2%
shows up in

74 59 44
20 70 35 55 50 40
T <70> T 2z (55) 2% +x <40> T
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Forzs: 28 +2"+28+... = r
1—=2x
1
For x4 and x5: 1+x+x2+~-':1 .
—x
Multiply together:
1_$15 $14_$29 33'6 1 1 1,20_23}35_‘_.%.50
1—x l—-z 1-zl1l—-21-2 (1 —x)5

(b) Use this generating function to find the number of solutions when
n = 90.

Answer: G(x) = (2% — 2% 4+ 279) 3777 (ijrA‘) z7. We see that 2%
shows up in

74 59 44
20 70 35 55 50 40
T <70> T 2z (55) 2% +x <40> T

74 59 44
h f soluti i -2
and so the number of solutions is (70) (55) + (40>
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