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Here's a brief explanation of Burnside's Theorem for the group of rigid motions of an
equilateral triangle.

GC\G | (D)(B) (123) (132) (1)(23) (2)(13) (3)(12)
WWW 1 1 1 1 1 1 |6 6
RWW 1 0 0 1 0 0o |2
WRW 1 0 0 0 1 0o |2
WWR 1 0 0 0 0 1 |2 6
WRR 1 0 0 1 0 o |2
RWR 1 0 0 0 1 0o |2
RRW 1 0 0 0 0 1 |2 6
RRR 1 1 1 1 1 1 |6 6
8 2 2 4 4 4 24
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One doesn’t have to work out the table on the previous page to apply Burnside's
Theorem.
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One doesn’t have to work out the table on the previous page to apply Burnside's
Theorem. Just observe that a permutation like g = (1)(23) leaves a coloring
configuration unchanged only if the vertices in a single cycle are the same color.
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3/1



One doesn’t have to work out the table on the previous page to apply Burnside's
Theorem. Just observe that a permutation like g = (1)(23) leaves a coloring
configuration unchanged only if the vertices in a single cycle are the same color.

To determine the number ¢(g*) for g = (1)(23), just determine how many ways one
can pick a color to paint vertex 1 and then pick a color to paint vertices 2 and 3. With
2 colors to pick from, the rule of product gives us 2 times 2 or 4.

3/1



One doesn’t have to work out the table on the previous page to apply Burnside's
Theorem. Just observe that a permutation like g = (1)(23) leaves a coloring
configuration unchanged only if the vertices in a single cycle are the same color.

To determine the number ¢(g*) for g = (1)(23), just determine how many ways one
can pick a color to paint vertex 1 and then pick a color to paint vertices 2 and 3. With
2 colors to pick from, the rule of product gives us 2 times 2 or 4.

So, for our equilateral triangle we have the following table, where all we have to do is
take the number of colors to the power of the number of cycles.
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One doesn’t have to work out the table on the previous page to apply Burnside's
Theorem. Just observe that a permutation like g = (1)(23) leaves a coloring
configuration unchanged only if the vertices in a single cycle are the same color.

To determine the number ¢(g*) for g = (1)(23), just determine how many ways one
can pick a color to paint vertex 1 and then pick a color to paint vertices 2 and 3. With
2 colors to pick from, the rule of product gives us 2 times 2 or 4.

So, for our equilateral triangle we have the following table, where all we have to do is
take the number of colors to the power of the number of cycles.

(D(2)(3) (123) (132) (1)(23) (2)(13) (3)(12)
23 2! 2! 22 22 22
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I've previously mentioned: for 2 colors there are 6 distinguishable colorings of the
vertices of square and 7 for the vertices of a rectangle.
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The group of rigid motions of the rectangle is

G ={((2)(3)(4), (13)(24), (12)(34), (14)(23)}
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I've previously mentioned: for 2 colors there are 6 distinguishable colorings of the
vertices of square and 7 for the vertices of a rectangle.

The group of rigid motions of the square is
{(1)(2)(3)(4), (1234), (13)(24), (1432), (12)(34), (14)(23), (1)(24)(3), (13)(2)(4)}

With 2 colors, the number of distinguishable colorings is

48
(24—1—21+22+21+22+22+23+23):§:6.

| —

The group of rigid motions of the rectangle is
G ={1)2)(3)(4), (13)(24), (12)(34), (14)(23)}

With 2 colors, the number of distinguishable colorings is

(24+22+22+22):24—8:7.

el
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If we change the number of colors the formula is just as easy. Say there are 3 colors.
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If we change the number of colors the formula is just as easy. Say there are 3 colors.
For the square, the number of distinguishable colorings is
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(34+31+32+31+32+32+33+33):?221.
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If we change the number of colors the formula is just as easy. Say there are 3 colors.

For the square, the number of distinguishable colorings is

168
(34+31+32+31+32+32+33+33):?221.

oo =

For the rectangle, the number of distinguishable colorings is

(31432 +3%+3%) = —— =21.

=
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If we change the number of colors the formula is just as easy. Say there are 3 colors.
For the square, the number of distinguishable colorings is

168
(34+31+32+31+32+32+33+33):?221.

oo =

For the rectangle, the number of distinguishable colorings is

(3" 4387 +3%+3%) = - =27,

=

For the equilateral triangle, with three colors, the number of distinguishable colorings is

60
(3% +3" 431 +37+ 374 3%) = = = 10,

| =
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The number of distinguishable colorings of a square, with only rotations allowed:
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The number of distinguishable colorings of a square, with only rotations allowed:
G ={(1)(2)(3)(4), (1234), (13)(24), (1432) }
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The number of distinguishable colorings of a square, with only rotations allowed:
G ={(1)(2)(3)(4), (1234), (13)(24), (1432) }
2 colors: — (2" +2' +2°+2") =6

3 colors:

NG N

(3'+3'+32+3") =24
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The number of distinguishable colorings of a square, with only rotations allowed:

G ={(D)(2)(3)(4), (1234), (13)(24), (1432)}

1
2 colors: (2*+2'+22+2") =6
1
3 colors: 1 (34 +31+ 3%+ 31) =24
3
1 2 4 5
6

A square with two symmetrical lines added.
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The number of distinguishable colorings of a square, with only rotations allowed:

G ={(D)(2)(3)(4), (1234), (13)(24), (1432)}
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3
1 2 4 5

6
A square with two symmetrical lines added.

The group of the above figure is

{(W(2)B)(4)(5)(6), (15)(24)(36), (15)(24)(3)(6), (1)(2)(36)(4)(5)}-
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The number of distinguishable colorings of a square, with only rotations allowed:
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3
1 2 4 5

6
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The number of distinguishable colorings of a square, with only rotations allowed:
G ={(1)(2)(3)(4), (1234), (13)(24), (1432) }

2 colors: % (2*+2'+22+2") =6
3 colors: % (34 +3t 432+ 31) =24
3
1 2 4 5

6
A square with two symmetrical lines added.

The group of the above figure is
{(1(2)(3)(4)(5)(6), (15)(24)(36), (15)(24)(3)(6), (1)(2)(36)(4)(5)}. The number of

1
distinguishable colorings with 2 colors: 1(26 +23 24 4+ 25) = 30.

With 5 colors: (56 +53 4+ 5% 4 55) = 4875.

=
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The parallelogram from earlier: G = {(1)(2)(3)(4), (13)(24)}

7/1



The parallelogram from earlier: G = {(1)(2)(3)(4), (13)(24)} and the number of
distinguishable colorings is

Lo o2y
2 colors: 5 (2 +2 ) =10
VY N
3 colors: 5 (3 +3 ) =45
4 colors: % (44 + 42) =136

7/1



The parallelogram from earlier: G = {(1)(2)(3)(4), (13)(24)} and the number of
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4 colors: % (44 + 42) =136

One last example: the regular pentagon, whose group is

{(1)(2)(3)(4)(5), (12345), (13524), (14253), (15432), (1)(25)(34),
(2)(13)(54), (3)(24)(15), (4)(35)(12), (5)(14)(23)}.
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The parallelogram from earlier: G = {(1)(2)(3)(4), (13)(24)} and the number of
distinguishable colorings is

Lo o2y
2 colors: 5 (2 +2 ) =10
VY N
3 colors: 5 (3 +3 ) =45
4 colors: % (44 + 42) =136

One last example: the regular pentagon, whose group is

{(1)(2)(3)(4)(5), (12345), (13524), (14253), (15432), (1)(25)(34),
(2)(13)(54), (3)(24)(15), (4)(35)(12), (5)(14)(23)}.

For 2 colors, the number of distinguishable colorings is
80

1
— (25 +4.214+5.93 )
10( + 5:27) = 10 =8
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The parallelogram from earlier: G = {(1)(2)(3)(4), (13)(24)} and the number of
distinguishable colorings is

2 colors: % (24 + 22) =10
3 colors: % (34 + 32) =45
4 colors: % (44 + 42) =136

One last example: the regular pentagon, whose group is

{(1)(2)(3)(4)(5), (12345), (13524), (14253), (15432), (1)(25)(34),
(2)(13)(54), (3)(24)(15), (4)(35)(12), (5)(14)(23)}.

For 2 colors, the number of distinguishable colorings is

1 80
2°4+4.2 +5.23 =38.
10( + * )= 10
Exercise: for 2 colors, compute the number of distinguishable colorings of the vertices
of a regular hexagon.
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