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Arrangements of strings revisited

When building a string out of letters, we could go through the positions
and choose a letter for each,

but we could just as well go through the
letters and choose positions for them. Look at "BOOKKEEPER" again,
which has 10 positions: We can build an arrangement of this string by a
sequence of 6 tasks:

1. Choose 3 positions for the "E"s: C(10, 3) ways.

2. Choose 2 positions for the "O"s: C(7, 2) ways.

3. Choose 2 positions for the "K"s: C(5, 2) ways.

4. Choose a position for the "B": 3 ways

5. Choose a position for the "P": 2 ways

6. Choose a position for the "R": 1 way

So the number of arrangements is

10!

3! 7!
· 7!

2! 5!
· 5!

2! 3!
· 3 · 2 · 1 =

10!

3! 2! 2!
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A variation on this is the following problem: how many arrangements of
the string "VOLLEYBALL" contain no consecutive "L"s?

We can attack
this by temporarily ignoring the "L"s and arranging the rest (task 1).
Follow this by inserting the "L"s into the string (task 2). Thus, after the
first task we might have

_V_E_O_B_A_Y_

where the ”_” indicate places the "L"s might be inserted. Since we don’t
want any consecutive "L"s we have to choose 4 of those 7 spaces and put
an "L" in each.

Thus:
task 1: 6! ways,
task 2: C(7, 4) ways.

Rule of product: 6!C(7, 4) = 6!
7!

4! (7− 4)!
= 25,200
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Miscellaneous

There is an alternative notation for C(n, k). The expression

(
n

k

)
, which

we pronounce “n choose k”(
n

k

)
= C(n, k) =

n!

k! (n− k)!

From its formula, we can see that C(n, k) = C(n, n− k). There is also a
logical reason for this: the number of ways to choose a k-set from an n-set
must equal the number of ways to choose the n− k elements to leave
behind.

The binomial theorem

Combinations come up in an unexpected way in algebra: the formula for
(x+ y)n:

(x+ y)n =
n∑

k=0

(
n

k

)
xn−kyk .
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There is a way to justify this formula using combinations. When we
multiply out

(x+ y)(x+ y)(x+ y)(x+ y) · · · (x+ y)

we get the sum of all possible products like xyxx . . . y consisting of a
single variable from each parentheses.

We get xn−kyk if we have y in k positions and x in the rest. If we accept
that all possible orders appear, then there are C(n, k) such terms, adding
up to C(n, k)xn−kyk.

For example:

(x+ y)3 = [(x+ y)(x+ y)](x+ y)

= [x(x+ y) + y(x+ y)](x+ y) = [xx+ xy + yx+ yy](x+ y)

= xx(x+ y) + xy(x+ y) + yx(x+ y) + yy(x+ y)

= xxx+ xxy + xyx+ xyy + yxx+ yxy + yyx+ yyy

= x3 + 3x2y + 3xy2 + y3
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