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the same distance in the opposite direction. We can also scale them: If d
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displacements and perform physical measurements. Or we can produce an
accurate drawing and construct the 3rd side of the triangle. Or we can
convert each displacement to a triple of numbers and add the two column
vectors.

There is nothing special about displacement vectors. We can do the same
with velocity, acceleration, force, etc.

Given all these different things: physical quantities, arrows, column
matrices, what makes it reasonable to call them all vectors?

® There are well-define ways to convert from one to to another.

® They all satisfy a common set of properties.
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x+-x=0.

To prove (—1)x = —x:
(—Dx=(-)x+x+—x=(—-14+1)x+—x=0x+-x=0+—-—x=—Xx
While subtraction is not a required operation, we can define x — y to be
x+(-y).

Hidden in the definitions is the means to solve problems like x + a=Db
(obtaining x = b — a) and like ax = b (x = 1b, provided o # 0).
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e For any set S, R¥ is the collection of all real-valued functions on S
(i.e. functions f such that f(z) € R for all z € S).

The verification of A1-A8 for R™** is essentially the properties contained
in section 1.4 (Matrix algebra). The zero element (called O here) is the
matrix of Os that | called O back then. The negative of a matrix A is the
matrix —A in which every entry of A has been negated: —(a;;) = (—a;j).
Conditions C1 and C2 are part of the definition of scalar multiplication and
addition for matrices.
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n. Then P, is a subset of the collection of all functions on S =R. To
show that P, is a vector space, we only have to show

Cl: If « € R and p € P, then ap € P,.

C2: If p and q are in P, then p+ g € P,.

These are both sort of obvious.
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The set of all solutions of a homogeneous n x k system is a vector space.

It is a subset of R¥, so we only have to show C1 and C2. Now the system
can be written Ax = 0, so we only have to be able to answer ‘yes’ to:

Cl: f Ax=0and a € R, is A(ax) =07

C2: If Ax=0and Ay =0, is A(x+y) =07

Both are true because A(ax) = a(Ax) = a0 =0, and
Ax+y)=Ax+Ay=0+0=0.

The set {0}, in any vector space, is a vector space. To prove this we would
have to show that 0 = 0. This seems obvious, but since it is stated for
all vector spaces, and it is not one of the conditions, it needs a proof:

a0=00+a0—-a0=a(0+0)—a0=a0—-a0=0
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