Determinants
D. H. Luecking

05/07 Feb 2024

1/1



If we have reason to believe an n X n system has a unique solution, is
there a formula for that solution?

2/1



If we have reason to believe an n X n system has a unique solution, is
there a formula for that solution? Here is a what happens when n = 1:

b

ar1 =b, x1=-—
a

2/1



If we have reason to believe an n X n system has a unique solution, is

there a formula for that solution? Here is a what happens when n = 1:

b

ar1 =b, x1=-—
a

We know it has a unique solution if a # 0.

2/1



If we have reason to believe an n X n system has a unique solution, is

there a formula for that solution? Here is a what happens when n = 1:

b

ar1 =b, x1=-—
a
We know it has a unique solution if a # 0. Now consider

anxy + ajpre = by

a2171 + ag2x2 = by

2/1



If we have reason to believe an n X n system has a unique solution, is
there a formula for that solution? Here is a what happens when n = 1:

b

ar1 =b, x1=-—
a
We know it has a unique solution if a # 0. Now consider

anxy + ajpre = by

a2171 + ag2x2 = by

If we multiply the first equation by as; and the second equation by a1
and subtract the first from the second we get

baa11 — brag:

(a11a22 — az1a12)x2 = boayr — biag and so, xp =
ai1a22 — 421012

2/1



If we have reason to believe an n X n system has a unique solution, is
there a formula for that solution? Here is a what happens when n = 1:

b

ar1 =b, x1=-—
a
We know it has a unique solution if a # 0. Now consider

anxy + ajpre = by
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If we multiply the first equation by as; and the second equation by a1
and subtract the first from the second we get

baa11 — brag:
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If we have reason to believe an n X n system has a unique solution, is
there a formula for that solution? Here is a what happens when n = 1:

b

ar1 =b, x1=-—
a
We know it has a unique solution if a # 0. Now consider

anxy + ajpre = by

a2171 + ag2x2 = by

If we multiply the first equation by as; and the second equation by a1
and subtract the first from the second we get

baa11 — brag:

(a11a22 — az1a12)x2 = boayr — biag and so, xp =
ai1a22 — 421012

We can do a similar trick to eliminate x5 from the first equation and get
biazs — baai2 . .
T = . This works if aj1a20 — as1a12 # 0.
11022 — G21012
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The denominator ai1as2 — asiais is called the determinant of the 2 x 2
system. Historically, this was because it determines whether the system
had a unique solution.
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had a unique solution.

This same sort of thing can be done for larger n X n systems, but the
formulas quickly get way out of hand. For 3 x 3 systems, the variables can
again be solved for as fractions with this denominator:

D= (11022033 —@11023032 + Q12023031 — 412021033 1013021032 — 1130422031

The numerators are similarly complex. For 4 x 4 systems there are 24
terms with four factors in each term.

In the formula for D above, each term is a product aj;asjas; where 4, j, k
is a permutation of 1,2, 3. If one permutation comes from another by a
single exchange of 2 positions, then the sign of the product is changed.
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Thus, we define the determinants of an n X n matrix in a more
computable way.
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Thus, we define the determinants of an n X n matrix in a more
computable way.

First, some notation and terminology. If A is a square matrix we write
det(A) for its determinant.

ail; a2 - Aln
a1 a2 - a2n
If A=
anl Aap2 - Opn
then we write
ai; a2 - Ain
a1 a2 - a2n

det(A) =] . . , for its determinant.

Gn1 Aap2 - dpn



For a 1 x 1 matrix define: if A = [ all ] then det(A) = aq;. For a
2 X 2 matrix define:

if A= [ i ] then det(A) = a11a22 — A21012.
az; a2

Minors

If Ais an n x n matrix, the (n — 1) x (n — 1) matrix obtained by deleting
row ¢ and column j from A will be denoted M;;. This is called the
ij-minor of A. For example, if

2 2 4 9 9
A= 0 5 =3 then Mys = [ 9 _1 ]
2 -1 4
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Cofactors

If A'is an n x n matrix and M;; is the ij-minor, then
Aij = (—1)" det(M;;) is called the ij-cofactor of A.
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Cofactors

If A'is an n x n matrix and M;; is the ij-minor, then
Aij = (—1)"7 det(M;;) is called the ij-cofactor of A. The example from
the previous page: if

2 2 4 9 9
A= 0 5 -3 then Aggz—' 9 _1 ':6
2 -1 4

Now we can describe a computation that produces the determinant of a
matrix A.

Definition
The determinant of an n X n matrix A is a scalar associated to A that is
computed recursively by

det(A) _ a’ll |f n = 1,
a11A11 + a0l + -+ a1, A1, ifn > 1.
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2 2 4
For example, if A= | 0 5 —3 | then the determinant of A is
2 -1 4
5 -3 0 -3
o 5S4

= 2(17) + 2(—6) + 4(—10) =

Some useful properties of determinants

—-18
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2 2 4
For example, if A= | 0 5 —3 | then the determinant of A is
2 -1 4
5 -3 0 -3
o 5S4

= 2(17) + 2(—6) + 4(—10) = —18

Some useful properties of determinants

The calculation of det(A) can be obtained by using any row of A, that is,

det(A4) = aindi1 + aigdiz + - + ainAin
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=0+5(0) — 3(6) = —18

8/1



For example, if A= | 0 5 —3 | then the determinant of A is
2 -1 4
2 4 2 2
oAl e ()

The following pattern might be useful:
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The following pattern might be useful:

-+ - +
A matrix A with a row that is all zeros has det(A) = 0. This is clear since
we can use that row to compute the determinant.
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A matrix A is upper triangular if every entry below the diagonal from a1
to any is zero. That is, a;; = 0 for every entry with ¢ > j.
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A matrix A is upper triangular if every entry below the diagonal from a1
to any, is zero. That is, a;; = 0 for every entry with ¢ > j. A matrix is
lower triangular if a;; = 0 for every entry with 7 < j.

If A is triangular (either upper or lower) then its determinant is the
product of the diagonal entries: aji1ag9 - - - app.

The effect of elementary row operations

One way to calculate det(A) is to reduce it to a triangular matrix using
EROs. This works as long as we keep track of how these EROs change the
determinant.

1. Type I: If two rows of A are exchanged, then the determinant changes
sign.

2. Type ll: If a row of A is multiplied by « then the determinant of the
new matrix is adet(A).

3. Type lll: If a row is changed by adding to it a multiple of another
row, the determinant is not changed.
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Using EROs to calculate det(A):

N O N
ISR
I
[\V]
N O =

2
5 —
-1

— ot
|
=W N
Il
[\V]
S O =
ot
|
w

10/1



Using EROs to calculate det(A):

2 2 4 1 1 2 1 1 2
0 5 =3|=2/0 5 =3 |=2/0 5 =3
2 -1 4 2 -1 4 0 -3 0
Continuing
1 1 2 11 2 11 2
=-2|0 — 0|=-2(-3)]0 1 0|=6{01 0
0 5 -3 0 5 -3 0 0 -3
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A side note: any function that assigns a scalar to a matrix and satisfies
those three ERO conditions, plus the additional condition that it assigns
the value 1 to the identity matrix, must in fact be the determinant.
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1 1 2 11 2 11 2
=—-2/0 -3 0|=-2(-3)|01 O0|=6{01 0]|=-18
0 5 -3 0 5 -3 0 0 -3

A side note: any function that assigns a scalar to a matrix and satisfies
those three ERO conditions, plus the additional condition that it assigns
the value 1 to the identity matrix, must in fact be the determinant.

Because of this it can be proved that we can calculate the determinant by
using cofactors along a column instead of a row:

det(A) = a1 A1 + agjAgj + - + anjAy;.
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From this, it can be proved that the transpose of A has the same
determinant as A: det(AT) = det(A).
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From this, it can be proved that the transpose of A has the same
determinant as A: det(AT) = det(A).

If a matrix has one row that is a multiple of another row then its
determinant is zero: one type Il ERO will turn it into a matrix with a row
of zeros.

Because we can calculate determinants using cofactors along a column, it
follows that if any column is all 0's then the determinant is 0. It also
follows we get the same behavior under elementary column operations as
we have under EROs. And if one column is a scalar multiple of another
column, then the determinant is 0.

If a matrix has the form A = [ A An ] or the form
O Ay
An O .
A= then det(A) = det(A11) det(Aaz). Of course, this
Ag1 Ao

requires A1; and Aoy to be square matrices.
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