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In general, if A= (A;;) and B = (Bj,) where j runs from 1 to m, then
AB = C where

m
Cik = > _ AijBji
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In general, if A= (A;;) and B = (Bj,) where j runs from 1 to m, then
AB = C where

Cik = > _ AijBji
j=1

provided the sizes of all A;; and B, are such that all the products can be
performed and all the rows and columns line up.

Despite the infinite number of possibilities, the most common cases are
the following:

LA( BB )= (4B | 4B

1 2 4 5| —1
Example: 3 4 [ ? 8 _i ] = 10 15 | —1
0 —1 -1 0 1
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Example:

3.(A1A2)[§

1
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1 2
4 2
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0 -1
=A1B1 + ABy
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Example:
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= A1By + AyBy
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Finally,
4. Either

(5 15)

By
Bay

O
Bas

= ( a; By +a2Ba; | a2Bao ]
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Finally,
4. Either

(& &)
Bo1 | Bao

A11A12][b1]_
O‘AQQ by B

= ( & Bi1 + @By | &2Bao ]

or

Ai11by + Aj2be
Agoba



Finally,
4. Either

oL By (@) . . .
[ a | a ] = ( & Bi1 + @By | &2Bao ]
Bg1 | Bao
A ‘ A1z ( by A11b; + A1zby
or -
O ‘ Ago bo Agoba
1 21| 3 2 8+ 3
Example: -1 3|4 3 |=1]7+4
L 005 1 5




Review

System of linear equations (aka “system”):

3x9g —3x3+ 314 =0

Example: T + 229
356‘1 + 61‘2

+ 4 =1
+ 5xry = —3
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Review

System of linear equations (aka “system”):

3x9g —3x3+ 314 =0

Example: T + 229 + z4=1
3r1 + 6x2 + 5xry = —3
Augmented matrix:
0 3 -3 3
Example: 1 2 01 1
36 05| -3

5/1



Gauss-Jordan reduction:

03—33
1 2
3 6

R1 R

w o =

S W N

OOOO

ot W
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Gauss-Jordan reduction:
0 3

1 2
3 6

R3s—3R1
EE——

-3
0
0

O W N

(1/3)R2

oS w O

S =N

ot W

S = O
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Gauss-Jordan reduction:

03 -3 3| 0 12 01] 1

12 0 1] 1| &= 1093 33| 0

36 05| -3 36 05| -3
2 01| 1 12 01] 1

1
Byl g3 —g 3| o | U2E 01 1 1] o
00 02|-6) W8 g0 0 1]|-3

We now know there is at least one solution: because there is no row with
all zeros left of the bar and nonzero to the right.
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Gauss-Jordan reduction:

03 -3 3| 0 12 01] 1
12 0 1] 1| &= 1093 33| 0
36 05| -3 36 05| -3

1 2 01 1 1 2 0 1 1
Bash f g3 3 3] o W22 101 21 1] o
00 02|-6) ¥ {00 01]-3
We now know there is at least one solution: because there is no row with
all zeros left of the bar and nonzero to the right. The leading variables are

T1, T2 and z4.
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Gauss-Jordan reduction:

03 -3 3| 0 12 01] 1
12 0 1] 1| &= 1093 33| 0
36 05| -3 36 05| -3

1 2 01 1 1 2 0 1 1
Bazsty g3 3 3| o W2 Lo 1 1 1| o0
00 o02|-6) W o0 01|-3
We now know there is at least one solution: because there is no row with
all zeros left of the bar and nonzero to the right. The leading variables are
21, 2 and z4. Since we have a free variable x5, there are infinitely many

solutions.
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Echelon form and reduced echelon form:

1 2 01 1
01 -1 1 0
00 01| -3

R2—R3
—_—
R1—R3

S O =

S = N

o = O

_ o O
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Echelon form and reduced echelon form:

12 0 1] 1 12 00| 4
01 -1 1| of 2% 101 -1 0] 3
0o o01|-3) ™™ oo o01]|-3

10 20|-2) v +2r3 =2

e g1 -1 0| 3| X5 4 = 3

00 0 1|-3 2y = 3
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Solving:

131:—2—21'3 e

2o =3+ 24 and so, T =—2—-2«
To =3+«

T4 = -3

$4:—3
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Solving:

T3 =«
Tr1 = -2 — 21’3 K
2o =314 and so, T =—2—-2«
2 3 3 To =3+«
Ty = —
4 Ty = -3
Whence the solutions are
-2 — 2«
(-2 —-2a,3+a,a,—3) or 31:@

-3

8/1



Arithmetic with matrices.

Scalar multiplication: if A = (a;;) then A = (aa;j ).
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Arithmetic with matrices.
Scalar multiplication: if A = (a;;) then A = (aa;j ).

1 3 -2 2 6
Example: 2[0 1 5]—[0 9

—4
10

)
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Arithmetic with matrices.

Scalar multiplication: if A = (a;;) then A = (aa;j ).

1 3 -2 2 6 —4
Example.2[0_1 5]—[0_2 10 |

Addition: If A = (ai;)nxk and B = (b;j)nxk then A+ B = (a

ij + Dij)nxk-

oot (2 4) (5 2)_ (72
*ampie: 1 3 0 -3) |10
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Arithmetic with matrices.
Scalar multiplication: if A = (a;;) then A = (aa;j ).

1 32]_[2 6 —4

Example: 2 [ 0 _1 5 0 -2 10 |

Addition: If A = (ai;)nxk and B = (b;j)nxk then A+ B = (a

ij + Dij)nxk-

Example: 2 4 + o 2 = T2
P& 1 3 0o -3) |10
Matrix multiplication: If A = (ai;)nxm and B = (bji)mxp the

where (Cig)nxp = (Z;n:l aijbjk> )
nxp

n AB=C
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Alternatively:

f A=| | and B:[lo1 by

then AB = C where (¢cik)nxp = (&ibk)nxp-
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Alternatively:
fa=| .| ad B= (b by - b, )
then AB = C where (¢cik)nxp = (&ibk)nxp-

Eamole: 1 3 -2 3 _g _ 0 —6
xample: 0 -1 —1 . 3 - -1 -1
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Elementary matrices: Apply one ERO to the identity to get an elementary
matrix.
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Elementary matrices: Apply one ERO to the identity to get an elementary
matrix. Examples:

0 01 1 00 1 00
010 010 010
1 00 0 0 3 0 4 1

The EROs used to create these are Ry <+ R3, 3R3 and Rz + 4R5.
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Elementary matrices: Apply one ERO to the identity to get an elementary
matrix. Examples:

0 01 1 00 100
010 010 010
100 0 0 3 0 41

The EROs used to create these are Ry <+ R3, 3R3 and Rz + 4R5.
Any elementary matrix is invertible and its inverse is elementary.

Any invertible matrix A is a product of elementary matrices and A~! is
the product of their inverses in the opposite order.

We can find the inverse of A (or perhaps discover it has none) by reducing
the matrix (A | I) to reduced echelon form.
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Example: A is the matrix on the left below.

12110 0 121 100
252|010 2225101 0|-210
001|001 001 00 1

12/1



Example: A is the matrix on the left below.

1
-2 10

21
10

1

Ri—Rs
Sl

5
2

0 0
10

1
0

-1
0

10
1

0
0

2
1
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Example: A is the matrix on the left below.

Ri—Rs
Sl

5
2

0 0
10

1
0

10
1

0
0

2
1

SO
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